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Springs

Most of the time, we consider a linear spring that follows Hooke’s Law.
Hooke’s Law: The retarding force of a spring is proportional to its displacement from
equilibrium

F = −kx.

• Here we use x = ∆x as displacement from equilibrium (rest length), not position.

• Remember that by Newton’s 3rd law, the force of a (massless) spring on both sides
must be equal.

The potential energy of the spring is the work done to expand it:

U = W =

∫
F · dx =

1

2
kx2.

Practice Problems
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Challenge:

Vertical Springs

A spring under the influence of gravity acts equivalently to normal spring, except its
equilibrium length is displaced.
Consider a vertical spring of rest length l0 with one end attached to the ground and the
other end attached to a block of mass m. The force on the block is

F = −k(x− l0)−mg = −k
(
x−

(
l0 −

mg

k

))
Or, equilibrium occurs when

k∆x = mg =⇒ ∆x =
mg

k
.

Thus, it is equivalent to a spring without gravity with spring constant k and rest length
l0 − mg

k .
What about a vertical spring with one end attached to the ceiling instead? Then, the force
on the block is

F = −k(x− l0) +mg = −k
(
x−

(
l0 +

mg

k

))
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So it is equivalent to a spring without gravity with spring constant k and rest length
l0 +

mg
k .

• Be careful not to include gravity again when using this model, otherwise you are
applying gravity twice.

• Often the situation won’t exactly resemble this model, so it’s more important to
understand how we arrived at this conclusion.

Practice Problems
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Combining Springs

Remember that the spring constant is defined as k = F/x. When multiple springs are
put together, you can determine the spring constant by computing the displacement x when
some force F is applied to one end.

Springs in Parallel: For n springs with same equilibrium length, the equivalent spring
constant is the sum of the individual spring constants

k′ = k1 + k2 + · · ·+ kn.

Proof:
Consider an object connected to two springs in parallel, with spring constants k1 and k2.
Then, the net force is

F = k1x+ k2x = (k1 + k2)x.

Thus, the equivalent spring constant is

k′ = k1 + k2.

Springs in Series: For n springs (not necessarily same equilibrium length) connected in
series, the reciprocal of the equivalent spring constant is the sum of the reciprocals of the
individual spring constants.

1

k′
=

1

k1
+

1

k2
++

1

k2
.

Proof:
Consider two springs with springs constants k1 and k2, stretched by a displacement x. The
connection point between the two springs must be in equilibrium, since its not moving, so
the force from both springs must be equal. For some applied force F , the displacement
(from equilibrium) is

x = x1 + x2 =⇒ F

k′
=

F

k1
+

F

k2
=⇒ 1

k′
=

1

k1
+

1

k2

Practice Problems
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Challenge Problems
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Extra Problems
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Circular Motion

Definition of Circular Motion: The motion of objects that orbit around a center point.

Centripetal Acceleration: Acceleration that causes circular motion.

• Since the velocity of an object in circular orbit constantly changes direction, accel-
eration must be nonzero. Furthermore, this acceleration must be perpendicular to
velocity for the object to have a constant speed (otherwise, the speed will change!).

• The formula for the centripetal acceleration is:

ac =
v2

r

where v is the instantaneous velocity and r is the radius of the orbit. Why?

Derivation: Show that the acceleration of a particle moving in a circle is v2

r . Try drawing
the position and velocity vectors at two nearby times, then make use of similar triangles.
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Centripetal force: Directed toward the center of the circle.

• Not a real force, just a nickname for the total forces pointing to the center:

Fc = mac = m
v2

r

Practice Problems
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Tangential acceleration: at =
dv
dt (change in speed over time), parallel to velocity

• Behaves exactly the same as acceleration in one dimension

• Can apply the 4 kinematics equations if magnitude of at is constant

Total acceleration: The vector sum of radial and tangential accelerations:

atotal =
√

a2c + a2t =

∑
Fnet

m

Practice Problems

A mass is initially at rest at the top of a frictionless sphere. It is given a tiny kick and
slides off. At what point does it lose contact with the sphere?
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Challenge Problems

16



Extra Proofs

Derivation of Centripetal Acceleration(calculus proof):
As we can see from the figure above after a time interval ∆t, the object has traveled an
angle ∆Φ in its orbit. Another thing to notice is that the object’s final velocity v(t+∆t)
is equal in magnitude to the initial velocity and makes an angle of Φ with the object’s

initial velocity. Using the law of cosines to find ∆v, we get that ∆v is equal to√
2v2 + 2v2(cos(∆Φ)). We can simplify to get ∆v =

√
2v

√
1 + cos∆Φ. Using the half

angle identity, we can simplify
√
1 + cos∆Φ to

√
2 sin ∆Φ

2 . Plugging in that expression into

our equation, we get ∆v = 2v sin ∆Φ
2 and using the fact that for small ∆Φ,

sin∆Φ = ∆Φ(Taylor Series Approximation) then we can further simplify our equation to
∆v = v∆Φ. Dividing both sides of the equation by ∆t, we get that ∆v

∆t = a = v∆Φ
∆t . Using

the arclength formula ∆x = r∆Φ, we can divide both sides of that equation by ∆t to get
that ∆x

∆t = r∆Φ
∆t . We know that ∆x

∆t = v so we then get ∆Φ
∆t = v

r . Plugging that result into

a = v∆Φ
∆t , we finally get a = v2

r .
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