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Rotational Kinematics

• The sense of how far is traveled is based on the angle in radians rather than the
distance in meters

• x, v, a : θ, ω, α

• Analogous to 1D kinematic equations

– ∆θ = ωt+ 1
2αt

2

– ∆ω = αt

– ω2
f − ω2

i = 2α∆θ

Moments of inertia and Fixed Axis Rotation

• Definitions:

– Rigid Body: every particle on the body has a constant location relative to the
other particles in the body, particularly the center of mass

– Fixed Axis Rotation: rotation where the direction of the axis of rotation is always
along the same line, but the axis itself may translate

• Moment of inertia is analogous to mass (resistance to torque/force), but moment of
inertia depends on the relative locations of the constituent particles of the rigid body
from the axis of rotation

I =

∫
r2dm

• Common moments of inertia to know for the F=ma Exam
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• Parallel Axis Theorem: Can be used to find the moment of inertia of of a rigid body of
mass M about any axis, given that it is parallel to an axis passing through the center
of mass a distance h away from the first.

I = Icm +Mh2

• Perpendicular Axis Theorem: For any plane body, the moment of inertia about any
of its axes which are perpendicular to the plane is equal to the sum of the moment of
inertia about any two perpendicular axes in the plane of the body which intersect the
first axis in the plane.

Iz = Ix + Iy

• Calculating moment of inertia

– Direct integration - depending on the symmetry, express dm as dm = λdx, dm =
σdA, or dm = ρdV , then integrate.

– Use parallel axis theorem/perpendicular axis theorem

– Symmetry - Cutting a shape with a high degree of symmetry into scaled versions
of itself, or equivalently cloning the shape into a larger version of itself

– Slicing a shape into components which are easy to find the moment of inertia of,
then summing
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Rotational Dynamics

• Angular momentum L is closely related to linear momentum p, but one key dif-
ference is that angular momentum depends on the axis of rotation/the coordinate
system.

L =
∑

ri × pi =
∑

ri ×mivi

– Spin and Orbital angular momentum: another perspective of angular momentum

L = Iω = Icmω +R×MV

where I is the moment of inertia of the rigid body with respect to the axis of
rotation, R is the position of the center of mass, M is the total mass of the rigid
body system, and V is the center of mass velocity.
In the right-most expression, note that the first term is only considering the
rotation about the center of mass (spin) and the second is only considering the
movement of the center of mass itself (orbital). This is a useful separation, as we
shall see.

• Torque τ is also related to force F, with the distinction being the same as angular
momentum vs. linear momentum.

τ = r× F

τ =
dL

dt
= Iα

Therefore the magnitude of the torque can be written as

|r× F| = rF sin(θ)

Note that there is an analogous expression for torque similar to the spin and orbital
angular momentum expression, but since rotational motion about the center of mass
is independent of the translational motion, we usually don’t have to worry about the
other term (and it complicates things). In this simplified consideration, the moment of
inertia I would be about the center of mass and the torque would be the net (external)
torque about an axis passing through the center of mass.

– Note that τ = Iα strongly parallels F = Ma. In fact, the torque equation is
often called Newton’s Second Law for Rotation. These two equations are often
used concurrently to completely describe the motion of a rigid body.

• Conservation of Angular momentum
Note that when the net external torque τ = 0 (isolated system), angular momentum is
conserved. This is another powerful conservation law alongside conservation of linear
momentum and energy.

• Problems involving translational and rotational motion
When solving these problems, it is always possible to break the motion down into
independent translation of the center of mass (linear motion) and rotation about the
center of mass equations.
One can use, possibly along with conservation of energy, the force (force and torque)
perspective or momentum (momentum and angular momentum) perspective - both
are valid but one may be easier than the other. Examples for thought:
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– Find angular acceleration - use torque

– Find the final angular velocity - use angular momentum conservation (torque
works too but then you have to take time into account - so in general momen-
tum/angular momentum evades the consideration of time)

• Work-Energy Theorem and Kinetic Energy of a Rigid Body

– The Work-Energy Theorem still applies for rotation - in fact the theorem holds
for translation motion and rotational motion separately (or together - up to you):

W = ∆K

where W is the total work (done by forces and/or torques) and ∆K is the change
in kinetic energy.

– Kinetic energy of a rotating and translating body can be written as

K =
1

2
MV 2 +

1

2
Icmω2 =

1

2
Iω2

• Rolling without slipping

– Rolling without slipping of a rigid body is a special case of a rolling object where
the relative velocity between the point touching the ground and the ground is 0.
In other words, the velocity of the bottom-most point is v=0! Because there is
no relative motion at the contact point, if there is friction it must be static.

– On the other hand, rolling with slipping implies that there is kinetic friction.

– This kind of problem is a great example of using the force/torque perspective vs
momentum/angular momentum perspective. Note that regardless of whether the
rigid body is rolling with or without slipping, angular momentum about an axis
on the ground must be conserved, because any friction with the ground would
act parallel to the line joining the axis and the contact point.

Problems

Consider finding the moment of inertia of a triangle with mass M and side length l.
One method is to integrate of many small strips of the triangle that are parallel to a
base. A simpler way is to divide the triangle into four smaller triangles (or clone the
triangle).......Find the moment of inertia this way.
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Find the moment of inertia of a square sheet with mass M and side length l about an
axis in the plane of the sheet, parallel to its sides, and passing through the center.
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