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Review

In most oscillation problems, we try to find the period of some system in simple harmonic
motion.

• Simple harmonic motion: periodic motion where restoring force is proportional to
displacement from equilibrium; i.e. F ∝ a ∝ x, so

a = −bx,

for some proportionality constant b. This is typically written as

ẍ+ bx = 0,

where ẍ = a is the second derivative of x with respect to time. The solution to this
differential equation is a sine or cosine function.
Let x = A sin(ωt), for some constant angular frequency ω. Then,

ẍ = −Aω2 sin(ωt) = −b(A sin(ωt))

Thus,
b = ω2.

• The period and frequency of a system in simple harmonic motion is

T =
2π

ω
, f =

1

T
=

ω

2π

• Since x is sinusoidal, its derivatives, velocity v and acceleration a must also be sinu-
soidal. The respective equations are

x = A sin(ωt)

v = Aω cos(ωt)

a = −Aω2 sin(ωt).
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If the oscillation starts from a different position, there may be a phase shift constant
ϕ, giving the solution

x = A sin(ωt+ ϕ).

v = Aω cos(ωt+ ϕ)

a = −Aω2 sin(ωt+ ϕ).

• A constant acceleration (such as gravity acting on a vertical spring) does not affect
the oscillation period. Thus, more generally, the simple harmonic motion equation is

ẍ = −ω2x+ c ⇐⇒ ẍ+ ω2x = c,

which has the solution
x =

c

ω2
+A sin(ωt+ ϕ).

(Why is this true?) Thus the period is the same: T = 2π
ω . The position x is shifted

by a constant of c
ω2 .

Example derivations

• Spring: For a linear spring following Hooke’s Law, the retarding force is F = −kx.
(This k is different from the constant above). Then,

ma = −kx

a = − k

m
x.

We know the solution to this is

x = A sin(ωt+ ϕ),

where ω2 = k
m , so ω =

√
k
m . Thus, its period is

T =
2π

ω
= 2π

√
m

k
.

If the spring starts from equilibrium, ϕ = 0 and its motion is a simple sine wave.

• Simple Pendulum (massless string): This time we consider the angular displace-
ment. Tension is radial, so it provides no torque. Only force with torque is gravity.

τ = L× F = −mgL sin(θ),

where θ is the angular displacement from the vertical.

Iα = −mgL sin(θ).
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mL2α = −mgL sin(θ)

α = − g

L
sin(θ).

For small θ, sin θ ≈ θ, so

θ̈ =
g

L
θ

ω2 =
g

L

T =
2π

ω
= 2π

√
L

g
.

• Physical Pendulum: For a simple pendulum, the center of mass (where the torque
from gravity effectively acts) is located distance L from the pivot, so the moment of
inertia was mL2. For a physical pendulum such as a hanging rigid object, the moment
of inertia I about the pivot axis depends on the radial distribution of mass. Similarly,

Iα = −mgL sin(θ) ≈ −mglθ

Iθ̈ +mgLθ = 0.

ω2 =
mgL

I

T =
2π

ω
= 2π

√
I

mgL

.

Practice Problems
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